ASYMPTOTICS OF THE FLOWS OF A LIQUID WITH A FREE BOUNDARY WITH VANISHING VISCOSITY
V. A. Batishchev : UDC 532.526
For the Navier—Stokes equations with vanishing viscosity we consider the plane non-

linear problem of the motion of an incompressible liquid in the region D bounded by the free
surface T and impenetrable walls S, due to the action of specified initial perturbations:
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All the quantities in Eqs. (1)-(6) are dimensionless. Here €® = 1/Re is a small parameter;
Re, Reynolds number; n = (nx,ny), unit vector of the internal normal to the free boundary
I', and F(x,y,t) = 0, equation for I in implicit form. The liquid is set in motion by an
initial velocity field, by initial elevation of the free boundary, and by an external sur-
face stress (p,, T). The tangential stress on I is assumed to be small and of the order of
0(e®). The problem is investigated assuming that the solid walls and the free boundary do
not have points of contact.

For vanishing viscosity ¢ -0 boundary layers having different properties are formed
close to the boundaries of the region. Close to the solid walls there is a layer of in-
finitely large vorticity of the order of 0(l/e), and in the neighborhood of the free sur-
face finite vorticity is produced. The equations of the boundary layer are nonlinear in the
first case and linear in the second. In the external region (outside the boundary layers)
the flow is approximately described by Euler's equations.

The asymptotic expansions of the solution of problem (1)-(6) for low viscosity € =+ 0
take the form
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({(x, t) is the elevation of the free boundary). We will denote by Dg and Dp the regions of
the boundary layers close to the solid boundary S and the free surface I'. Then wy and 1)
are functions of the type of solutions of the problem of the boundary layer in Dg, while hy
and qg are functions of the type of solutions of the problem of the boundary layer in Dr.

The principal terms of the asymptotics Vo, po, and Go are found from the solution of -
the problem of the flow of an ideal incompressible liquid in the region Do bounded by the
wall S and the free boundary s, due to the action of specified initial perturbation (6)

8vy/0t + (Yo, V)Vo = —VPo + &, div vy =0, (8)
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Volls =0, vo = vy, {y = Le (= 0).

Do = Py 05o/0E 4 Uno000/0% = Vyo, (2, y) = T

The functions Vi and py in‘expansion (7), which define the flow in the region D, are
found as a result of the first iterational process [l], and satisfy the linear systems

a .
‘;} + Z (vi, V) ¥; = — Upr+ Avi_o, divvy, =0,
i+i=k (9)

Vali—p = 0, (vp 4 wk)-nls =0, vy =0 (k> 1),

where n is the vector of the normal to S, The boundary conditions on the free boundary for
system (9) will be given below.

The functions of the boundary layer wy and ry manifest themselves in the region Dg in
the neighborhood of the boundary S and compensate the discrepancies when the adhesion condi-
tions (2) are satisfied. To simplify the notation we will assume that the boundary S is
rectilinear and is described by the equation y = 0. We will determine the equations which
satisfy the function wy and r.

Suppose wyy, Wyks Vxks Vyk are the projections of the vectors wy and vk on the Oy and
Oy axes, respectively. We substitute the expansions (7) into (1), expand the known co-
efficients in Taylor series in powers of y, take into account Eqs. (8) and (9), and assume
hk = qk = 0 in Dg apart from terms of a higher order of smallness. We introduce the expan-
sion transformation y = es. Equating to zero the coefficients of €°, e*,,.., €N in succes-
sion, we obtain equations for determining wy and rp. In particular, hyo = ro = ry = 0. As-
suming Wi = Wy + Vyiiy=oe, for wxo, Wy we derive the following system of nonlinear equations:
7} Ow,,
ds
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with the following initial and boundary conditions:

weg = W1 =00@ =0), weo =0 (s = ),
wx = —b(z, t), W; =0 (s =0).

Here the coefficients a(x, t), b(x, t) are known if we determine the corresponding
flow of an ideal liquid (8)

a(z, t) = 0vye/Byly=o, bz, t) = vxoly=0.

Note that system (10) leads to the equations of the Prandtl boundary layer [2] if we
put .
Up = wxo + b, Uy = wyi + s& + vygls—o.
The function r; is found from the relation
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The higher approximations of w, and r, satisfy linear equations and are found after
solving problem (9) for k = m. We will write the equations to a first approximation
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with the corresponding boundary and initial conditions

Wey = 0 (s = 00), Wyy + 05y =0, W =0 (s =0),
wy =W, =0 (t=0),

where Wz = Wy3 + sz|Y=o.

We will now determine the boundary-layer functions hi and qi which are concentrated in
the neighborhood of the free boundary and compensate the discrepancies which arise when the
dynamic condition is satisfied for the tangential stress on I'. The quantities hy and qy are
constructed as in [3]., In the region of T we introduce fixed local coordinates p, ¢ given by

z =X, ¢) + pnz0 5 y = Y(t, 9) + pnyo,

where p is the distance of the point (x, y) from T'e — the free surface of nonviscous flow
(8)s nxo(t, 9), nyo(t, @), components of the unit vector of the normal to Fo, and X(t, 9),

y = Y(t, 9), parametric equation of the contour I'o. We substitute (7) into (1) and we write
the equations obtained in local coordinates. We expand the known coefficients in Taylor
series in powers of p, we take into account the correctness of the relation 9p /3t + vosVp =
0 for p = 0, and we assume p = €f, Apart from terms of higher order of smallness we assume
wi = rg = 0 in Dr. Equating to zero the coefficients of ek, for hy (k = 1) we obtain the
following system of linear equations:

oh 8h oh 92y
ok ok ok . Ok
9t + Ea, (¢, 9) B + by (¢, 9) by ahon = 982 + Fu, (11)
oh 8 \ am— ok, 1
T = a0 S 0,
aq _4 00
-égk = —2 [KU@Q + § ! __6(20 ]p:o k‘@,k—l + Dh
with the boundary conditions
oh R G0, 1_
Do _[o Zeto  Poim g, L] 40 g = 0),

hy=g.=0 (§=o00), hp=0 (t=0).
The coefficients Fk, Dy, and Mg are known and are not written in view of their complexity,
while F, = Dy = M; = D; = 0, Here
9
a4y (t, (P) = b‘é [0 -+ VU'VP]p=0, bl (t, (P) = [‘Pt + Vo' V9Plo=0s
and » and 6§ are the curvature and Lamé coefficient of the contour To. Note [3] that ho =
hp1 = qo = q1 = 0. As in [3], the solution of system (11) is found in quadratures.

The functions zx, determining the asymptotic form of the free boundary, are found to-
gether with v, when solving problem (9). The boundary conditions on the boundary I for
system (9) are obtained by applying the first and second iterational processes [1] simul-
taneously to condition (3), and in local coordinates have the form

a v
Pttt —2 B 0 =0 (p—0). 12)

where k; 1l vmp = 0; Q. = 0.

Assuming that F = —p +{ (t, ¢) in (5) and using the same reasoning as when deriving
(12), we obtain the following equations for determining zj:

Br gt ) 2 (2, ) tr = [von 4~ Porlo—o + E
_(ﬁ—'}— ]( -(P) E"—al 7(p) k= th_I ok lp=0 B (13)
Ly = 0@t = 0), E; = 0.

Note that {, = 0 since p = 0 is the equation of the boundary To.
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We will now write the problem of determining the external flow in D to a first approx-
imation. The functions v, and pi together with f; satisfy system (9) and (13) for k = 1.
The boundary condition for y = 0 is obtained by assuming s = = in the relation Wy = wy, +
Vyi|y=o and assuming that wyi, is a function of the boundary-layer type, i.e., wys = 0 (s ==),
us, Vyi y=o=w1|s=w. The boundary condition on T follows from (12) for k = 1, We will
assume that the flow of an ideal liquid (8) is potential, i.e., ve = V&, in which case the
vector v, is also potential (vy = V&), and from (9) we derive the integral

P1+ 0@)/dt + yOy D, = 0. (14)

Eliminating p. from (12) and (14) and assuming k = 1 in (13) we obtain the problem of
determining the external flow in D to a first approximation

A®, = 0, ' (15)
A3t + 0,90,/ — aby = 1oy (p = D),
0P /0t + y DD, — §5i9pyldp = 0 (p = 0),
0D/3yl ymo = Wilsmwo, VO, = §; = 0 = 0).

Thus, for asymptotic integration of system (1)-(6) we first solve the problem of the
flow of an ideal liquid (8) and then determine the flow in the boundary layer close to the
solid wall (10) and the first approximation of the external flow (15), and then the flow in
the boundary layer close to the free boundary. Further, the higher approximations are de-
termined in the same sequence, :

Example. Consider the effect of low viscosity on the nonsteady state flow of an in-
compressible liquid in a circular cylinder. The region Do filled with ideal liquid repre-
sents the cylinder—H(t) < z <CH(t), r<{ R(t). Here (r, 6, z) are cylindrical coordinates.
The side boundary TI'o(r = R/t) is free, and on 'y the pressure suffers a discontinuity (p —
po = 0/R, where ¢ is the surface tension). The impenetrable walls z = +H(t) move opposite
to one another with constant velocity V. The solution of Euler's equations ignoring gravi-
tational forces has the form [4]

Vo = oy Up = — 2721 Voo — 01_ Po = 015(1: 2+ Ti)(Rz - r?.) -+ 0'/~H1
Tt = AM2)(1 — AM)—12, H{) = h{(1 — At), R = Ry{1 — At)~112, }, == —V/h = const.

The free boundary o with t = 0 is a circular cylinder and as t increases the cylinder
becomes flattened to the plane z = 0.

Consideration of the viscosity leads to expansions (7) everywhere apart from a small
region of the line contact of the free boundary and the walls S. The asymptotics of the
flow in the neighborhood of the line of contact are constructed in [5]. The main term of
expansion (7) wo satisfies equations of the form (10) in cylindrical coordinates, We will
introduce the function y(s, t) using the equation wpo = rdy/ds, wzy = 2¢ — vz;]z = H, in
which case, in the neighborhood of the wall z = H, Eq. (10) has the form

P 4+ 4O — 202 — 8D 4 25D = 0, (16)
@'(0) = —1, DO) = D'(c0) = 0y
here

Vi H—z _ VT —m
2YT—at ® @ s) )

Equation (16) was integrated numerically. The function $(s) decreases monotonically
from zero to the minimum value y= —0,2063 for s = », Hence, we have determined vz1|=tH =

+2v/V1 = xt.

We will now determine the first approximation vi, pi, and I; in the external region
(outside Dg and Dr). In view of the potential nature of the flow of an ideal liquid we have

0D, /ot 4 rod,/or — 2vz28®,/8z + p, = 0,

60



where vy = V&, For &:, {; we obtain problem (15) in the region Do

AD, = 0,-_
d,/dt + TRID,/0r — 2120®,/0z + (v* + w)RL - 6(0%,/02* — LR =0 (=R),
a;l[lat — 2TZ@§1/0Z _ Tgl = 6(1)1/07' (r == R(t)),)
ad)l—:t_?_'ﬁi (Z:iH)_

9z V1i—Aat

Taking into account the symmetry of the flow the solution of the last problem can be
obtained in the form

(D1 2 Vl? (1 M)—slz (2z, _ rz) + 2 [ (t) 1 (h — At)) ﬁzm’ Cl = ;;o Tn (t) cos T:z—_kz—m

The functions ®y., Zki satisfy a system of ordinary differential equations and can be
obtained numerically. In particular, Co;, $o;1 can be obtained explicitly:

sz W-m—i
Co = 1—a

The contribution to the elevation of the free boundary from the boundary layer functions
th and q is of the second order of smallness and is ignored here. It follows from an analy-
sis of the equation for §1(t, z) that the free boundary is deformed with time, becoming more

and more convex.
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